Abstract. In 1992, Avner Ash and Mark McConnell presented computational evidence of a connection between three-dimensional Galois representations and certain arithmetic cohomology classes. For some examples they were unable to determine the attached representation. For several Hecke eigenclasses (including one for which Ash and McConnell did not find the Galois representation), we find a Galois representation which appears to be attached and show strong evidence for the uniqueness of this representation. The techniques that we use to find defining polynomials for the Galois representations include a targeted Hunter search, class field theory, and elliptic curves.
Introduction
In [?] , Avner Ash and Mark McConnell provided computational evidence of a connection between three-dimensional Galois representations and certain arithmetic cohomology classes. Their evidence was obtained by computing simultaneous eigenclasses of Hecke operators acting on certain arithmetic cohomology groups, and then attempting to compute Galois representations attached to these eigenclasses. For many of the eigenclasses that they obtained, they were able to compute a Galois representation which seemed to be attached, but for some of their examples they were unable to determine such a representation. In this paper, we examine one of these examples and find the Galois representation. The Hecke eigenvalues arising ℓ 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 a 1 (ℓ, 1) 4 4 * 1 0 3 4 0 0 2 0 1 4 1 0 a 1 (ℓ, 2) 1 1 * 0 0 3 1 2 4 0 0 0 4 2 3 a 2 (ℓ, 1) 1 1 * 0 0 3 1 2 4 0 0 0 4 2 3 a 2 (ℓ, 2) 4 4 * 1 0 3 4 0 0 2 0 1 4 1 0 a 3 (ℓ, 1) 2 2 * 1 2 3 4 4 3 4 2 0 2 1 0 a 3 (ℓ, 2) 2 0 * 0 2 3 1 3 3 3 2 3 2 2 3 a 4 (ℓ, 1) 2 0 * 0 2 3 1 3 3 3 2 3 2 2 3 a 4 (ℓ, 2) 2 2 * 1 2 3 4 4 3 4 2 0 2 1 0 a 5 (ℓ, 1) 3 2 * 2 0 3 2 0 2 2 1 0 2 3 0 a 5 (ℓ, 2) 4 0 * 2 0 3 2 2 0 0 1 3 2 3 3 a 6 (ℓ, 1) 4 0 * 2 0 3 2 2 0 0 1 3 2 3 3 a 6 (ℓ, 2) 3 2 * 2 0 3 2 0 2 2 1 0 2 3 0 Table 1 . Six sets of eigenvalues in H 3 (Γ 0 (163), F 5 ). 
If we can find a single set of b(ℓ), so that some a i (ℓ, 1) = b(ℓ) + ℓ 2 , a i (ℓ, 2) = 1 + ℓb(ℓ), a j (ℓ, 1) = ℓb(ℓ) + 1, and a j (ℓ, 2) = ℓ 2 + b(ℓ), then we can begin to search for a two-dimensional Galois representation with Tr(σ(Fr ℓ )) = b(ℓ).
In fact, there are three possible sets of traces indicated in Table 2 . If we denote by σ i the (conjectured) two-dimensional Galois representation associated to the b i (ℓ), and by θ i , θ ′ i the two direct sums derived from σ i , we see that ρ 2i−1 and θ i
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have the same characteristic polynomials, and that ρ 2i and θ ′ i have the same characteristic polynomials. Therefore, we will concentrate on finding the two-dimensional representations σ 1 , σ 2 , and σ 3 .
Number Fields from Galois representations
A Galois representation ρ : G Q → GL n (F p ) is a continuous homomorphism from G Q (the absolute Galois group of Q, or the Galois group ofQ/Q) to a matrix group over the algebraic closure of a finite field. Continuity here is with respect to the standard profinite (or Krull) topology on G Q , and the discrete topology on GL n (F p ). The continuity of the homomorphism implies that it has finite image.
This in turn implies that its kernel is an open normal subgroup of finite index. Then the fixed field of the kernel is a finite Galois extension K/Q, and we can factor ρ as a composition ρ = η • π, where π : G Q → Gal(K/Q) is the canonical projection, and η : Gal(K/Q) → GL n (F p ) is a representation of the finite group Gal(K/Q).
We call K the number field cut out by ρ. Note that given the number field K and a homomorphism η : Gal(K/Q) → GL n (F p ), we immediately obtain a Galois representation ρ. Note that when we speak of ρ(Fr ℓ ), with Fr ℓ in G Q , we may actually work with η(Fr ℓ ) with Fr ℓ ∈ Gal(K/Q), since the canonical projection take Frobenius elements to Frobenius elements. Note also that η is injective, so that to find the order of ρ(Fr ℓ ), it suffices to find the order of a Frobenius at ℓ in Gal(K/Q). Our goal in this paper is to find polynomials with splitting fields K/Q, such that the order of Frobenius at each prime ℓ matches the predicted order of
Frobenius from the Hecke eigenvalues described above. Given the Hecke eigenvalues, we know the trace and determinant of σ i (Fr ℓ ), and from this can easily compute the characteristic polynomial and eigenvalues. If σ i (Fr ℓ ) has two distinct eigenvalues, Under the assumption that σ i exists, and has the properties described above, we will show that there is a unique GL 2 (F 5 )-extension of Q with the correct orders of Frobenius to be cut out by σ i . In the conclusion, we will explain why these conditions on σ i are reasonable.
Targeted Hunter searches
A Hunter search is designed to find a polynomial defining a number field K of degree n and discriminant D, if such a number field exists. This search is based on the use of Hunter's theorem and relations between coefficients of polynomials that bound the coefficients of the defining polynomial in question. However, the search space produced by this method is generally far too large to examine. Thus we refine the Hunter search by using the desired ramification type for a certain prime p in K. By knowing the desired ramification of p in K, we could determine congruence conditions of the defining polynomial of K. This allowed us to decrease the search space to such an extent as to make our search feasible in a reasonable amount of
We also limited our search space using congruence relations based upon the desired ramification of certain primes [?] . We wanted our quintic field extension to only ramify at 5 and 163, each with e = 5. By [?, Theorem 2], we see that a defining polynomial for the field must be congruent to a polynomial (x−a) 5 modulo 5 and modulo 163. This restriction on the polynomial places congruences on the coefficients, reducing the size of our search space greatly. For more information on determining the coefficient bounds and the congruence conditions, see [?] .
Using these techniques, we programmed a search for a quintic polynomial using GP/Pari [?] . We ran this search (which took about 36 hours) and obtained a list of polynomials satisfying the desired condition. We then tested the polynomials to make sure that they had the desired discriminant of 5 5 163 4 , eliminated polynomials defining isomorphic number fields, and were left with three fields, defined by the following three quintic polynomials:
Each of these polynomials defines an S 5 -extension, and the order of Frobenius at ℓ in the splitting field of each g i divides the predicted order of Frobenius under σ i (with a quotient dividing 4, as expected).
We will find it useful to describe the splitting field of each of these quintic polynomials as the splitting field of a sextic polynomial. To do this, we use a resolvent calculation, described in [?, Algorithm 6.3.10(1)]. This resolvent calculation yields a degree six polynomial with the same splitting field as the quintic. When we perform this calculation on our quintic polynomials we obtain the following sextic FINDING GALOIS REPRESENTATIONS CORRESPONDING TO CERTAIN HECKE EIGENCLASSESINTERNATIONAL JOURNAL polynomials:
Using Magma [?], we note that G = GL 2 (F 5 ) has a single conjugacy class of subgroups of order 80. It is simple to see that a representative subgroup of this conjugacy class is of the form
We note that H has a normal subgroup J of order 20, where J = * * 0 1 , and we note that every subgroup of G of order 20 is conjugate to this one. Our conditions on σ i force the image of inertia at 5 under σ i to be a subgroup conjugate to J. Hence, with a proper choice of basis, we may choose this image to equal J.
Let K/Q be the extension cut out by σ i . Then K J /Q has degree 24 and is the inertia field of a prime lying over 5. Further, K J /K H is Galois, with Galois group H/J ∼ = Z/(4Z). One checks easily that J has no subgroups which are normal in G, so that the Galois closure of K J is equal to K. Hence, we may describe K by finding a degree 24 polynomial defining the inertia field of a prime above 5. We already have a degree 6 polynomial defining a field contained in this inertia field, namely the f i . We will use class field theory to study the inertia field and to compute a degree 24 defining polynomial for it.
Class field theory
Denote K H by F and K J by L. Then L/F is a cyclic extension of degree 4.
Since 5 and 163 are the only primes in K/Q that ramify, they must be the only primes that ramify in L/F . However, for 163, e = 5, so no primes over 163 can ramify in a degree four subextension.
We note that F has two primes lying over 5, one of ramification index 1 and one of ramification index 5. We will write these primes as p 1 and p 2 , with p 1 having ramification index 1. By our choice of L as the inertia field of a prime lying over 5, we see immediately that p 1 cannot ramify in L/F . Hence, the only finite prime of F which ramifies in L is p 2 . Since the ramification is tame, we see then that F lies inside the ray class field of L modulo p 2 m ∞ (where m ∞ denotes the product of the infinite primes of F , so that we are allowing p 2 and any infinite primes to ramify).
Note also that the narrow class number of F (for f 1 and f 2 ) is 1, so that L/F must be totally ramified.
Using GP/PARI to compute the ray class group of F modulo p 2 m ∞ , we find that for f 1 and f 3 , it is cyclic of order 4. Hence, L/F is in fact the ray class field. For f 2 , the desired ray class group is Z/12Z × Z/2Z, and the problem is more complicated, since this group has several quotients which are cyclic of order 4. We use a different technique to find the defining polynomial for σ 2 . However, at this point we may examine the cyclic degree 4 extensions of F unramified outside p 2 . There are two such extensions (since Z/12Z × Z/2Z has two quotients isomorphic to Z/4Z), but only one of them yields the correct orders of Frobenius to correspond to the Hecke eigenvalues. We have then proved the following theorem.
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Theorem 7.1. Assume that the σ i exist, have level 163 and determinant ω, and are ordinary, wildly ramified and finite at 5. Then there is at most one candidate
Proof. We have seen that such an extension must contain an S 5 -extension with certain ramification at 5 and 163. A Hunter search shows that there is exactly one such S 5 -extension for each σ i . Class field theory then shows that each S 5 -extension is contained in at most one GL 2 (F 5 )-extension with the correct ramification and orders of Frobenius to correspond to σ i .
Kummer Theory
We require the following theorem:
and let p be prime in O K .
If we denote by M the unique quadratic subextension of L/F , then we see that
and that M/L is ramified only at p 2 . Hence, u must be an element of p 2 , but of no other prime ideal (by 8.1). Since the class number of F is 1, we see that p 2 = (α) is principal. Hence, an element of O K which is contained in p 2 but in no other prime ideal is of the form α m η, where η is a unit in O K . Adjusting this element by a square factor will not affect m, so we may take u = ±αη, where η is a product of some subset of the fundamental units of F . Table 4 . Defining polynomials for σ 1 and σ 3 . compute a minimal polynomial for u, and substitute x 2 for x to obtain a minimal polynomial for √ u. We then check to see if the resulting polynomial yields a field which is unramified at 2. If it does, we check this polynomial to see if the orders of Frobenius in the resulting extension match those desired for σ i .
For f 1 and f 3 , we obtain unique polynomials from this process, each of which yields the correct orders of Frobenius. Hence, there is a unique quadratic extension of L unramified outside p 2 . This extension is the desired M .
Finally, we repeat this process to find a quadratic extension of M ramified only at the unique prime of M lying over p 2 . Fortunately, each M encountered has class number 1, so that the above procedure can be repeated. We then obtain 2 degree 24 polynomials, one for each σ i , as indicated in Table 4 . Note that the class number of F for f 2 is 6, so that we cannot find a generator for the ideal p 2 , and this process does not work. We could use a more complicated technique of explicit class field theory, but we choose instead to use an entirely different method to find a defining polynomial.
Elliptic Curves
Let E be an elliptic curve defined over Q. Let E(Q) p = {P 1 , P 2 , . . . , P k } be the p-torsion points on E(Q). Then E(Q) p is an F p -vector space, on which G Q acts as linear transformations. This gives rise to a Galois representation τ :
If the conductor of E is N , then τ is unramified outside pN .
Define P i = (x i , y i ) and
Then K is stable under the action of G Q , so K/Q is a Galois extension. We note that K is exactly the field cut out by τ . This implies that Gal(K/Q) is a Galois extension of Q, with Galois group a subgroup of GL 2 (F p ).
We now examine the elliptic curve of conductor 163 given by the equation to high enough precision to recognize the coefficients as integers, and round off to obtain the polynomial f (x) in Table 5 , which has splitting field contained in the and 24, so it must be all of GL 2 (F 5 ). Thus, the splitting field of f is exactly the field K cut out by τ .
By computing the splitting of primes in K we were able to determine that this polynomial defines a GL 2 (F 5 )-extension of Q which has the correct orders of Frobenius (for ℓ < 50) to correspond to be the field cut out by σ 2 .
Note that we can explicitly compute the trace of τ (Fr ℓ ) where τ is the 5-torsion representation of an elliptic curve E. This trace is the reduction mod p of a ℓ = p + 1 − |E(F ℓ )|. When we do this, the numbers a ℓ that we obtain are identical to the traces of σ 2 , as desired.
Conclusion
Under the assumption that each σ i exists, has level 163 and determinant ω, is ordinary, wildly ramified and finite at 5, we have shown that there is a single candidate for the field cut out by σ i , and determined this field. Note that these If we assume that σ i is ordinary and tamely ramified, then the ramification index at 5 would be 4, and σ i would cut out a field containing an S 5 -extension in which the ramification index at 5 is 4. If we assume that σ i is supersingular (and hence tamely ramified), then σ i would cut out a field containing an S 5 -extension in which the ramification index at 5 is 6. In either case, the S 5 -extension would be the Galois closure of a cubic field of discriminant 5 3 163 4 . A Hunter search shows that no such field exists.
Finally, if we assume that σ i is ordinary, wildly ramified at 5, and not finite, the Serre weight of σ i would be 5 rather than 2, and we would not expect ω 2 ⊕ σ i to be attached to an eigenclass with trivial coefficients. The field cut out by σ i in this case would contain the Galois closure of a quintic field of discriminant 5 9 163 4 . A
Hunter search for such a field could show that it does not exist, but would involve searching too many polynomials to be feasible.
